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Abstract Let C be a self-dual spherical fusion categories of rank 4 with non-trivial grading. We
complete the classification of Grothendieck ring K(C) of C; that is, we prove that K(C) ∼= Fib⊗ Z[Z2],
where Fib is the Fibonacci fusion ring and Z[Z2] is the group ring on Z2. In particular, if C is braided
then it is equivalent to Fib⊠VecωZ2 as fusion categories, where Fib is a Fibonacci category and Vec
ω
Z2
is a rank 2 pointed fusion category.
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1 Introduction
Throughout this paper we shall work over an algebraically closed field k of characteristic zero.
A fusion category over k is a k-linear semisimple rigid tensor category with finitely many
isomorphism classes of simple objects, finite-dimensional spaces of morphisms and such that
the unit object 1 is simple. Fusion categories arise from many areas of mathematics and physics,
including representation theory of semisimple Hopf algebras and quantum groups [1], vertex
operator algebras [5] and topological quantum field theory [21].
The systematic work of classifying fusion categories of small rank dates back to Ostrik’s
work [17]. In that paper Ostrik classified all fusion categories of rank 2. We recall that the
rank of a fusion category is the number of isomorphism classes of its simple objects. About ten
years later, Ostrik completed the classification of (pivotal) fusion categories of rank 3 [19]. The
classification of all fusion categories of rank greater than 3 seems very difficult at the moment,
only some fusion categories with additional structures were classified, see [2, 3, 13, 20].
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Let C be a fusion category of rank 4. Then either exactly two simple objects are self-dual,
or all four simple objects are self-dual. In [13], Larson studied fusion categories of rank 4 with
exactly two self-dual simple objects, and gave some partial classification results. But the later
case still remains open. In this paper, we study the later case and classify the Grothendieck
ring of these fusion categories under the assumption that they admit non-trivial grading.
Let Fib be a Fibonacci category, Vecω
Z2
be a pointed fusion category of rank 2, where
ω ∈ H3(Z2, k∗) = Z2. Let Fib⊠VecωZ2 be the Deligne’s tensor product of Fib and VecωZ2 .
Then Fib⊠Vecω
Z2
is a self-dual fusion category of rank 4. Here, a fusion category is called
self-dual if its all simple objects are self-dual. In addition, Fib⊠Vecω
Z2
has non-trivial universal
grading; more precisely, the universal grading group U(Fib⊠Vecω
Z2
) of Fib⊠Vecω
Z2
is Z2. Our
main result is that the Grothendieck ring K(Fib⊠Vecω
Z2
) is “unique” in the sense that the
Grothendieck ring of any self-dual spherical fusion category of rank 4 with non-trivial grading
is isomorphic to K(Fib⊠Vecω
Z2
). In particular, if the fusion category considered is braided
then it is equivalent to Fib⊠Vecω
Z2
as fusion categories.
This paper is organized as follows. In Section 2, we give some basic definitions and results
used throughout and recall Ostrik’s classification result on rank 2 fusion categories.
In Section 3, we study self-dual fusion categories C of rank 4 which admit non-trivial grad-
ing. We determine their universal grading groups, fusion rules and Frobenius-Perron (FP)
dimensions of their simple objects. We obtain that the Grothendieck ring K(C) of C has two
possible structures: Fib ⊗ Z[Z2] or K12, where Fib is the Fibonacci fusion ring, Z[Z2] is the
group ring on Z2, and K12 is a new fusion ring. In particular, if the fusion category considered
has the Grothendieck ring K12 then it can not admit a structure of a braided fusion category.
In Section 4, we assume that the fusion categories considered are spherical. We compute
the images of simple objects under the functors F : Z(C) → C and I : C → Z(C), where C is
a self-dual fusion category of rank 4 with non-trivial universal grading, Z(C) is the Drinfeld
center of C, F is the forgetful functor and I is its right adjoint. We then use these data to prove
that the Grothendieck ring of C is isomorphic to Fib⊗ Z[Z2]. Moreover, if C is braided then it
is equivalent to Fib⊠Vecω
Z2
as fusion categories.
2 Preliminaries and Examples
2.1 Frobenius-Perron dimension
Let C be a fusion category and let K(C) be the Grothendieck ring of C. Then the set Irr(C)
of isomorphism classes of simple objects in C is the Z+ basis of K(C). The FP dimension
FPdim(X) of X ∈ Irr(C) is the largest eigenvalue of the matrix of left multiplication by the
class of X in K(C). By the Frobenius-Perron Theorem FPdim(X) is a positive real number.
Moreover this dimension extends to a ring homomorphism FPdim : K(C) → R [9, Theorem
8.6]. The FP dimension of C is the number
FPdim(C) =
∑
X∈Irr(C)
FPdim(X)2.
A simple object X is called invertible if FPdim(X) = 1. A fusion category is called pointed
if every simple object is invertible. Let Cpt be the fusion subcategory generated by all invertible
simple objects of a fusion category C. Then Cpt is the largest pointed fusion subcategory of C.
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2.2 Fusion rules
Let X ∈ Irr(C) and Y be an arbitrary object of C. The multiplicity of X in Y is defined to be
the number [X,Y ] = dimHomC(X,Y ). So we have
Y =
⊕
X∈Irr(C)
[X,Y ]X.
Let X,Y, Z ∈ Irr(C). Then we have
[X,Y ] = [X∗, Y ∗],
[X,Y ⊗ Z] = [Y ∗, Z ⊗X∗] = [Y,X ⊗ Z∗].
(2.1)
Let G(C) denote the set of isomorphism classes of invertible simple objects of C. Then G(C)
is a group with multiplication given by tensor product. The group G(C) acts on the set Irr(C)
by left tensor multiplication. Let G[X ] be the stabilizer of X ∈ Irr(C) under this action of G(C).
If g ∈ G(C) and X,Y ∈ Irr(C) then
[g,X ⊗ Y ] > 0⇐⇒ [g,X ⊗ Y ] = 1⇐⇒ Y = X∗ ⊗ g. (2.2)
In particular,
[g,X ⊗X∗] > 0⇐⇒ [g,X ⊗X∗] = 1⇐⇒ g ⊗X = X. (2.3)
Thus, for all X ∈ Irr(C), we have a relation
X ⊗X∗ =
∑
g∈G[X]
g +
∑
Y ∈Irr(C)/G[X]
[Y,X ⊗X∗]Y.
In particular, 1 ∈ X ⊗X if and only if X is self-dual.
2.3 Group extension of a fusion category
Let G be a finite group. A fusion category C is said to have a G-grading if C has a direct sum
of full abelian subcategories C = ⊕g∈GCg such that (Cg)∗ = Cg−1 and Cg ⊗ Ch ⊆ Cgh for all
g, h ∈ G. If Cg 6= 0 for all g ∈ G then C = ⊕g∈GCg is called a faithful G-grading. If this is the
case C is called a G-extension of the trivial component Ce.
By [9, Proposition 8.20], if C = ⊕g∈GCg is a faithful grading then, for all g, h ∈ G, we have
FPdim(Cg) = FPdim(Ch) and FPdim(C) = |G|FPdim(Ce). (2.4)
It is known that every fusion category C has a canonical faithful grading C = ⊕g∈U(C)Cg
with trivial component Ce = Cad, where Cad is the adjoint subcategory of C generated by simple
objects in X ⊗ X∗ for all X ∈ Irr(C). This grading is called the universal grading of C, and
U(C) is called the universal grading group of C, see [11].
2.4 Braided fusion categories
A braided fusion category C is a fusion category admitting a braiding c, where the braiding is
a family of natural isomorphisms: cX,Y :X ⊗ Y → Y ⊗X satisfying the hexagon axioms for all
X,Y ∈ C, see [12].
Let D be a fusion subcategory of a braided fusion category C. Then the Mu¨ger centralizer
D′ of D in C is the fusion subcategory
D′ = {Y ∈ C|cY,XcX,Y = idX⊗Y for allX ∈ D},
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where c stands for the braiding of C. The Mu¨ger center Z2(C) of C is the Mu¨ger centralizer C′
of C. The fusion category C is called non-degenerate if its Mu¨ger center Z2(C) = Vec is trivial.
A braided fusion category is called premodular if it admits a spherical structure. For the
definition of spherical structure of a fusion category, the reader is directed to [9]. A modular
category is a non-degenerate premodular category.
2.5 Deligne products of rank 2 fusion categories
In this subsection, we give some examples of self-dual fusion categories of rank 4. First we recall
the Deligne’s tensor product from [4, Proposition 5.13]. Let C and D be two fusion categories.
The Deligne’s tensor product C ⊠ D is a fusion category with simple objects X ⊠ Y , where
X ∈ Irr(C), Y ∈ Irr(D). Let X1, X2 ∈ Irr(C) and Y1, Y2 ∈ Irr(D). Then
(X1 ⊠ Y1)⊗ (X2 ⊠ Y2) := (X1 ⊗X2)⊠ (Y1 ⊗ Y2).
The morphisms in C ⊠D are defined in an obvious way.
Let C be a fusion category of rank 2. Write Irr(C) = {1, X}. Then the fusion rules of C are
determined by a non-negative integer n:
X ⊗X = 1⊕ nX.
Let Kn denote the Grothendieck ring corresponding to the number n. The main result of
[17] shows that only K0 and K1 are categorifiable. Specifically, there exists a pointed fusion
category Vecω
Z2
such that K(Vecω
Z2
) = K0, where ω ∈ H3(Z2, k∗) = Z2, and there exists a
Fibonacci category Fib such that K(Fib) = K1. A Fibonacci category is a rank 2 modular
category of FP dimension 5+
√
5
2 . It is known that Fibonacci categories fall into 2 equivalence
classes and both of them can be realized using the quantum group Uq(sl2) for q =
10
√
1, see [17].
The fusion ring K1 is called the Fibonacci (Yang-Lee) fusion ring and we denote it by Fib.
It is obvious that K0 is the group ring Z(Z2) over Z2.
Let A and B be two fusion categories of rank 2 with Irr(A) = {1A, A} and Irr(B) = {1B, B}.
Then A⊠ B is a self-dual fusion category with
Irr(A⊠ B) = {1A ⊠ 1B, A⊠ 1B,1A ⊠B,A⊠B}.
Write
1 = 1A ⊠ 1B, X = A⊠ 1B, Y = 1A ⊠B, Z = A⊠B and C = A⊠ B.
Then C fits into three classes of fusion categories:
(1) A and B are both pointed. In this case, C has the fusion rules:
X ⊗X = Y ⊗ Y = Z ⊗ Z = 1.
The FP dimensions of X,Y, Z are all equal to 1. In this case, K(C) is the group ring Z(Z2) ⊗
Z(Z2) ∼= Z(Z2 × Z2), where ⊗ are usual tensor product (over Z) of rings.
(2) A is not pointed and B is pointed. In this case, C has the fusion rules:
X ⊗X = 1⊕X, X ⊗ Y = Z, X ⊗ Z = Y ⊕ Z,
Y ⊗ Y = 1, Y ⊗ Z = X, Z ⊗ Z = 1⊕X.
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The FP dimensions of X,Y, Z are:
FPdim(Y ) = 1,FPdim(X) = FPdim(Z) =
1 +
√
5
2
.
In this case, K(C) is the ring Fib⊗ Z(Z2).
(3) A and B are not pointed. In this case, C has the fusion rules:
X ⊗X = 1⊕X, X ⊗ Y = Z, X ⊗ Z = Y ⊕ Z,
Y ⊗ Y = 1⊕ Y, Y ⊗ Z = X ⊕ Z, Z ⊗ Z = 1⊕X ⊕ Y ⊕ Z.
The FP dimensions of X,Y, Z are:
FPdim(X) = FPdim(Y ) =
1 +
√
5
2
,FPdim(Z) =
3 +
√
5
2
.
In this case, K(C) is the ring Fib⊗ Fib.
Proposition 2.1 Let C be the Deligne product of 2 fusion categories of rank 2. Then C
admits a structure of a braided category.
Proof It is obvious that a pointed fusion category of rank 2 admits a structure of a braided
category. For example, the category Rep(Z2) of finite-dimensional representations of Z2 is
braided with the standard braiding. On the other hand, a non-pointed fusion category of rank
2 is always braided (modular) by [17, Corollary 2.3]. Hence C, being Deligne product of two
braided fusion categories, admits a structure of a braided category.
3 Non-trivially graded self-dual fusion category of rank 4
In this section, we will determine all possibilities for the Grothendieck ring of a self-dual fusion
category of rank 4 which has non-trivial universal grading.
Lemma 3.1 Let C be a self-dual fusion category. Then the universal grading group U(C) is
an elementary Abelian 2-group.
Proof Let e be the unit element of U(C). It is clear that the unit object 1 is contained in
Ce = Cad. Let X be a simple object in some component Cg. Since X is self-dual, we have
[1, X ⊗X ] = [1, X ⊗X∗] = 1. On the other hand, X ⊗X = X ⊗X∗ is contained in Cg2 . This
means that 1 is also contained in Cg2 . Hence we get Cg2 = Ce, which means that g2 = e. This
proves that the order of any element of U(C) is 1 or 2. Hence U(C) is an elementary Abelian
2-group.
Lemma 3.2 Let C be a self-dual fusion category. Then G(C) is an elementary Abelian 2-group.
Proof Let 1 6= X be an invertible object of C. Since X is self-dual, we haveX⊗X = X⊗X∗ =
1. So every non-trivial element of G(C) has order 1 or 2.
Let C be a self-dual fusion category of rank 4. Lemma 3.1 shows that the order of U(C) is
1, 2 or 4. In particular, if |U(C)| = 4 then C is pointed. Since pointed fusion categories have
been classified in [18], we only consider non-pointed fusion category in the rest of our paper.
Theorem 3.3 Let C be a self-dual fusion category of rank 4. If C has non-trivial universal
grading then the universal grading group U(C) has order 2 and C has the following fusion rules.
6 Dong J. and Zhang L. and Dai L.
(1) Irr(C0) = {1, X}, Irr(C1) = {Y, Z}, and C has the fusion rules:
X ⊗X = 1⊕X, X ⊗ Y = Z, X ⊗ Z = Y ⊕ Z,
Y ⊗ Y = 1, Y ⊗ Z = X, Z ⊗ Z = 1⊕X,
where FPdim(X) = FPdim(Z) = 1+
√
5
2 , FPdim(Y ) = 1. In this case K(C) ∼= Fib⊗ Z(Z2).
(2) Irr(C0) = {1, X, Y }, Irr(C1) = {Z}, and C has the fusion rules:
X ⊗X = 1, X ⊗ Y = Y, X ⊗ Z = Z,
Y ⊗ Y = 1⊕X ⊕ Y, Y ⊗ Z = 2Z, Z ⊗ Z = 1⊕X ⊕ 2Y,
where FPdim(X) = 1, FPdim(Y ) = 2,FPdim(Z) =
√
6. In this case we denote K(C) by K12.
Proof Since we have assumed that C is not pointed and has non-trivial universal grading, the
order of U(C) is 2. Let C = C0 ⊕ C1 be the corresponding universal grading. The ranks of C0
and C1 have two possibilities:
(1) | Irr(C0)| = | Irr(C1)| = 2; (2) | Irr(C0)| = 3, | Irr(C1)| = 1.
Case (1): Let Irr(C0) = {1, X}, Irr(C1) = {Y, Z}.
Claim: X is not invertible.
Proof: By Lemma 3.2, the order of G(C) is 1, 2 or 4. Since we assume that C is not pointed,
the order of G(C) can not be 4. So if X is invertible then C0 = Cpt. This implies that Y and Z
are non-invertible. So FPdim(C1) > FPdim(C0) = 2, which contradicts equation 2.4.
Now C0 is a non-pointed fusion category with 2 simple objects 1, X . The fusion rules is
X ⊗ X = 1 ⊕ X by [17, Theorem 2.1]. Counting FP dimensions on both sides (notice that
FPdim is a ring homomorphism), we have FPdim(X) = 1+
√
5
2 .
Since Y ⊗ Y, Z ⊗ Z, Y ⊗ Z ∈ C0, we have equations (a, b, c ∈ Z+):
Y ⊗ Y = 1⊕ aX, Z ⊗ Z = 1⊕ bX, Y ⊗ Z = cX.
We may reorder Y and Z such that FPdim(Y ) ≤ FPdim(Z). This implies that a ≤ b.
From [X,Y ⊗ Y ] = [Y,X ⊗ Y ] = a and X ⊗ Y ∈ C1, we have X ⊗ Y = aY ⊕ dZ, d ∈ Z+.
From [X,Z⊗Z] = [Z,X⊗Z] = b, [Z,X⊗Y ]) = [Z, Y ⊗X ] = [Y, Z⊗X ] = d and X⊗Z ∈ C1,
we have X ⊗ Z = dY ⊕ bZ.
From FPdim(C0) = FPdim(C1), we have 1 + FPdim(X)2 = FPdim(Y )2 + FPdim(Z)2 =
2 + (a + b) FPdim(X). This equation and the fact FPdim(X) = 1+
√
5
2 imply that a + b = 1.
Since a ≤ b, we have a = 0 and b = 1. Hence Y is invertible and Z ⊗Z = 1⊕X . Furthermore,
Y being invertible implies that X ⊗ Y and Y ⊗ Z are simple objects, which means c = d = 1,
and so Y ⊗ Z = X,X ⊗ Y = Z. This further implies that FPdim(Z) = FPdim(X) = 1+
√
5
2 .
Since we have gotten b = d = 1, we finally have X ⊗Z = Y ⊕Z. The fact K(C) ∼= Fib⊗Z(Z2)
is easy.
Case(2): Let Irr(C0) = {1, X, Y }, Irr(C1) = {Z}. We may reorder X and Y such that
FPdim(X) ≤ FPdim(Y ). Since FPdim(C0) = 1 + FPdim(X)2 + FPdim(Y )2 = FPdim(C1) =
FPdim(Z)2, we know that FPdim(Z) is greater than FPdim(X) and FPdim(Y ).
Since X ⊗ Z, Y ⊗ Z ∈ C1, we have equations (a, b ∈ Z+):
X ⊗ Z = aZ, Y ⊗ Z = bZ.
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Counting dimensions on both sides, we get FPdim(X) = a,FPdim(Y ) = b. This implies
X and Y are integral simple objects. So C0 is an integral fusion category of rank 3. By [6,
Lemma 2.1 and Proposition 2.2], G(C0) is not trivial. So X must be invertible. In addition, Y
is not invertible by Lemma 3.2. So we have X ⊗ X = 1, X ⊗ Z = Z. Since Y is the unique
non-invertible simple object in the fusion category C0, so we have X ⊗ Y = Y .
From [Y,X ⊗ Y ] = [X,Y ⊗ Y ] = 1, we may write (c ∈ Z+):Y ⊗ Y = 1 ⊕X ⊕ cY . Recall
that FPdim(Y ) = b. So we have b2 − bc− 2 = 0. The fact that b and c are both non-negative
integers show that b = 2, c = 1. Since every component of the universal grading has the same FP
dimension, we have that FPdim(Z) =
√
1 + FPdim(X)2 + FPdim(Y )2 =
√
6. This completes
the proof.
Let X be an object of a fusion category C. We use 〈X〉C to denote the fusion subcategory
generated by X .
Corollary 3.4 Let C be a self-dual fusion category of rank 4. If C has the Grothendieck ring
K12 then it can not admit a structure of braided fusion category.
Proof We notice that C is not symmetric since it is not integral. Keep the notations as in
Theorem 3.3. Under our assumption,
D1 = 〈X〉C , D2 = 〈Y 〉C
are all non-trivial fusion subcategory of C. In particular, FPdim(D1) = 2 and FPdim(D2) = 6.
We first show that C is not a modular category. Suppose on the contrary that C is modular.
We notices that the FP dimension of C is 12. By [3, Theorem 1.2 and Theorem 3.1], C is equiv-
alent to a metaplectic modular category. By the description in that paper (see the definition of
a metaplectic modular category in [3, Section 1]), C should have two invertible objects, two √3
-dimensional simple objects and one 2-dimensional simple objects. This contradicts Theorem
3.3 (2).
Now we suppose that C is braided. Since C is not modular, the Mu¨ger center Z2(C) is a
non-trivial symmetric fusion category. In addition, Z2(C) is equivalent to D1 or D2 because D1
and D2 are all non-trivial fusion subcategory of C. The fusion rules show that
X ⊗ Y = Y,X ⊗ Z = Z.
Hence we get that the fusion subcategory D1 is not equivalent to the category of super vector
spaces [14, Lemma 5.4]. This implies that the Mu¨ger center Z2(C) must be a Tannakian
subcategory. That is, Z2(C) is equivalent to the representation category Rep(G) of a finite
group G as a symmetric fusion category. It follows that we can form the de-equivariantization
CG of C by Rep(G). See [8, Section 4] for details on de-equivariantization.
By [10, Remark 2.3], CG is a modular category. Combining the fact FPdim(CG) = 1|G| FPdim(C)
with the fact Rep(G) = D1 or D2, we get that FPdim(CG) = 6 or 2. In both cases, CG is a
pointed fusion category [7, Corollary 3.3]. It follows that C is a group-theoretical fusion cat-
egory, by [16, Theorem 7.2]. So C should be an integral fusion category [9, Corollary 8.43];
that is, the FP dimension of any simple object of C is an integer. This is a contradiction since
FPdim(Z) =
√
6. This completes the proof.
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4 Uniqueness of the Grothendieck ring K(C)
In this section, we will use Mu¨ger’s induction functor to the Drinfeld center Z(C) to show that
there do not exist rank 4 spherical fusion categories C with K(C) = K12.
Let C be a fusion category with Irr(C) = {1 = X0, X1, · · · , Xn−1}. Let Ni be the matrix
of left multiplication by Xi in the Grothendieck ring K(C) of C. The formal codegrees of C are
the eigenvalues of the matrix N =
∑n−1
i=0 NiN
∗
i .
Let Z(C) be the Drinfeld center of a fusion category of C. We use F : Z(C) → C and
I : C → Z(C) to denote the forgetful functor and its right adjoint.
A balancing isomorphism, or a twist, on a braided category C is a natural automorphism
θ : idC → idC satisfying θ1 = id1 and θX⊗Y = (θX ⊗ θY )cY,XcX,Y . Let X be a simple object of
C. Then θX is a scalar in k. In particular, any modular category is equipped with a balancing
isomorphism θ such that θX is a root of unity for any simple object X [22].
Proposition 4.1 Let C be a spherical self-dual fusion category of rank 4. Suppose that C has
the Grothendieck ring Fib⊗ Z[Z2]. Then
(1) There exist non-isomorphic simple objects 1, A,B,C, D1, D2, D3, D4, E1, E2, E3, E4,
G1, G2, G3, G4 in Z(C) such that
I(1) = 1⊕A⊕B ⊕ C, I(X) = B ⊕ C ⊕D1 ⊕D2 ⊕D3 ⊕D4,
I(Y ) = E1 ⊕ E2 ⊕ E3 ⊕ E4, I(Z) = E1 ⊕ E2 ⊕G1 ⊕G2 ⊕G3 ⊕G4,
and
F (A) = 1, F (B) = 1⊕X, F (C) = 1⊕X,
F (Di) = X, F (E1) = Y ⊕ Z, F (E2) = Y ⊕ Z,
F (E3) = Y, F (E4) = Y, F (Gi) = Z, i = 1, 2, 3, 4,
where
FPdim(A) = 1, FPdim(B) =
3 +
√
5
2
, FPdim(C) =
3 +
√
5
2
,
FPdim(Di) =
1 +
√
5
2
, FPdim(E1) =
3 +
√
5
2
, FPdim(E2) =
3 +
√
5
2
,
FPdim(E3) = 1, FPdim(E4) = 1, FPdim(Gi) =
1 +
√
5
2
.
(2) The simple objects 1, A,B,C, D1, D2, D3, D4, E1, E2, E3, E4, G1, G2, G3, G4 are all
the non-isomorphic simple objects in Z(C).
Proof As in Theorem 3.3, we write K(C) = Fib⊗ Z[Z2] = {1, X, Y, Z}.
(1) Since K(C) is commutative, it has four 1-dimensional irreducible representations. It
follows from [19, Theorem 2.13] that the object I(1) is a sum of 4 simple objects and every
object has multiplicity 1 by [19, Example 2.18] . It is well knows that I(1) is an algebra in
Z(C), and hence 1 is a summand of I(1). So we can write
I(1) = 1⊕A⊕B ⊕ C.
The formal codegrees of C are 5+√5, 5+√5, 5−√5, 5−√5. Again by [19, Theorem 2.13],
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we have
FPdim(A) = 1,FPdim(B) = FPdim(C) =
3 +
√
5
2
.
By [19, Theorem 2.5], we have
5 +
√
5 = FPdim(C) = Tr(θI(1))
= 1 + FPdim(A)θA + FPdim(B)θB + FPdim(C)θC
= 1 + θA +
3 +
√
5
2
θB +
3 +
√
5
2
θC .
Because θV is a root of unity for any simple object V in Z(C), we must have θA = θB =
θC = 1.
By [9, Proposition 5.4], we have
F (I(1)) = F (1)⊕ F (A)⊕ F (B)⊕ F (C)
=
⊕
T∈Irr(C)
T ⊗ 1⊗ T ∗
= 4 · 1⊕ 2X.
So we must have
F (A) = 1, F (B) = 1⊕X,F (C) = 1⊕X.
Again by [9, Proposition 5.4], we have
F (I(X)) =
⊕
T∈Irr(C)
T ⊗X ⊗ T ∗ = 2 · 1⊕ 6X.
Since I and F are adjoint, we have
dimHom(I(1), I(X)) = dimHom(F (I(1)), X) = 2,
dimHom(B, I(X)) = dimHom(F (B), X) = 1,
dimHom(C, I(X)) = dimHom(F (C), X) = 1,
dimHom(I(X), I(X)) = dimHom(F (I(X)), X) = 6.
The first equality implies that I(1) and I(X) have 2 common simple objects; the second and
the third equalities imply that the multiplicities of B and C in I(X) are 1. So we may write
I(X) = B ⊕ C ⊕W for some objects W . The last equality implies we have two possibilities:
I(X) = B ⊕ C ⊕ 2D or I(X) = B ⊕ C ⊕D1 ⊕D2 ⊕D3 ⊕D4,
where D,D1, D2, D3, D4 are simple objects of Z(C) and the last four are non-isomorphic.
If I(X) = B ⊕ C ⊕ 2D then
2 · 1⊕ 2X ⊕ 2F (D) = F (I(X)) = 2 · 1⊕ 6X.
This implies that F (D) = 2X , and hence FPdim(D) = 1 +
√
5. By [19, Theorem 2.5], we have
0 = Tr(θI(X)) = FPdim(B)θB + FPdim(C)θC + 2FPdim(D)θD.
This implies that θD = − 1+
√
5
4 , which is a contradiction since θD must be a root of unity.
Therefore, I(X) = B ⊕ C ⊕D1 ⊕D2 ⊕D3 ⊕D4, and hence F (Di) = X , FPdim(Di) = 1+
√
5
2 .
10 Dong J. and Zhang L. and Dai L.
By [9, Proposition 5.4], we have
F (I(Y )) =
⊕
T∈Irr(C)
T ⊗ Y ⊗ T ∗ = 4Y ⊕ 2Z and
dimHom(I(1), I(Y )) = dimHom(F (I(1)), Y ) = 0,
dimHom(I(X), I(Y )) = dimHom(F (I(X)), Y ) = 0,
dimHom(I(Y ), I(Y )) = dimHom(F (I(Y )), Y ) = 4.
So we can write
I(Y ) = 2E or I(Y ) = E1 ⊕ E2 ⊕ E3 ⊕ E4,
where E1, E2, E3, E4 are non-isomorphic simple objects of Z(C).
If I(X) = 2E then
2F (E) = F (I(Y )) = 4Y ⊕ 2Z.
This implies that F (E) = 2Y ⊕ Z, and hence FPdim(E) = 5+
√
5
2 . By [19, Theorem 2.5], we
have
0 = Tr(θI(Y )) = 2FPdim(E)θE .
This implies that θE = 0, which is a contradiction since θD is a root of unity. Therefore,
I(Y ) = E1 ⊕ E2 ⊕ E3 ⊕ E4. We hence have
4Y ⊕ 2Z = F (I(Y )) = F (E1)⊕ F (E2)⊕ F (E3)⊕ F (E4).
From dimHom(Ei, I(Y )) = dimHom(F (Ei), Y ) = 1, we may write
F (Ei) = Y ⊕ aiZ, where a1 + a2 + a3 + a4 = 2. (4.1)
By [9, Proposition 5.4], we have
F (I(Z)) =
⊕
T∈Irr(C)
T ⊗ Z ⊗ T ∗ = 2Y ⊕ 6Z and
dimHom(I(1), I(Z)) = dimHom(F (I(1)), Z) = 0,
dimHom(I(X), I(Z)) = dimHom(F (I(X)), Z) = 0,
dimHom(I(Y ), I(Z)) = dimHom(F (I(Y )), Z) = 2,
dimHom(I(Z), I(Z)) = dimHom(F (I(Z)), Z) = 6.
So we know that the decomposition of I(Y ) and I(Z) have two simple objects in common, say
E1 and E2, hence we can write
I(Z) = E1 ⊕ E2 ⊕ 2G or I(Z) = E1 ⊕ E2 ⊕G1 ⊕G2 ⊕G3 ⊕G4,
where G1, G2, G3, G4 are non-isomorphic simple objects of Z(C).
In both cases, we have dimHom(Ei, I(Z)) = dimHom(F (Ei), Z) = 1 for i = 1, 2. Together
with equation (4.1), we have
F (E1) = F (E2) = Y ⊕ Z, F (E3) = F (E4) = Y.
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If I(Z) = E1 ⊕ E2 ⊕ 2G then
F (E1)⊕ F (E2)⊕ 2F (G) = F (I(Z)) = 2Y ⊕ 6Z.
This implies that F (G) = 2Z, and hence FPdim(G) = 1 +
√
5. By [19, Theorem 2.5], we have
0 = Tr(θI(Z)) = FPdim(E1)θE1 + FPdim(E2)θE1 + 2FPdim(G)θG.
This implies that θG = − 1+
√
5
8 (θE1 + θE2). Taking the absolute value of both sides, we get
|θG| < 12 · |θE1 + θE2 | < 1, which is a contradiction since θG is a root of unity. Therefore,
I(Z) = E1 ⊕ E2 ⊕G1 ⊕G2 ⊕G3 ⊕G4. So we have
F (E1)⊕ F (E2)⊕ F (G1)⊕ F (G2)⊕ F (G3)⊕ F (G4) = F (I(Z)) = 2Y ⊕ 6Z.
This implies that F (Gi) = Z, and hence FPdim(Gi) =
1+
√
5
2 for i = 1, 2, 3, 4.
(2) This part follows from the fact
1 + FPdim(A)2 + FPdim(B)2 + FPdim(C)2+
4∑
i=1
FPdim(Di)
2 +
4∑
i=1
FPdim(Ei)
2 +
4∑
i=1
FPdim(Gi)
2
= 30 + 10
√
5 = FPdim(C)2 = FPdim(Z(C)).
Proposition 4.2 There do not exist rank 4 spherical self-dual fusion categories C withK(C) =
K12. That is, the fusion ring K12 is not categorifiable.
Proof Let C be a spherical self-dual fusion category of rank 4. Assume that K(C) = K12. We
will follow the line of proof of Proposition 4.1 to find a contradiction. As in Theorem 3.3, we
write K(C) = {1, X, Y, Z}.
The object I(1) can be decomposed as follows:
I(1) = 1⊕A1 ⊕A2 ⊕A3,
where A1, A2, A3 are non-isomorphic simple objects in Z(C).
The formal codegrees of C are 12, 12, 3 and 2. By [19, Theorem 2.13], we have
FPdim(A1) = 1,FPdim(A2) = 4,FPdim(A3) = 6.
By [19, Theorem 2.5], we have
FPdim(C) = Tr(θI(1)) = 1 + FPdim(A1)θA1 + FPdim(A2)θA2 + FPdim(A3)θA3 .
Because θV is a root of unity for any simple object V in Z(C), we have θA1 = θA2 = θA3 = 1.
By [9, Proposition 5.4], we have
F (I(1)) = F (1)⊕ F (A1)⊕ F (A2)⊕ F (A3)
=
⊕
T∈Irr(C)
T ⊗ 1⊗ T ∗
= 4 · 1⊕ 2X ⊕ 3Y.
(4.2)
Let F (Ai) = 1⊕ aiX ⊕ biY . Counting FP dimensions on both sides, we get
a1 = b1 = 0, a2 + 2b2 = 3, a3 + 2b3 = 5.
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Together wit equation (4.2), we also get a2 + a3 = 2, b2 + b3 = 3. So a2 = a3 = 1, b2 =
1, b3 = 2, and hence F (A1) = 1, F (A2) = 1⊕X ⊕ Y , F (A3) = 1⊕X ⊕ 2Y .
By [9, Proposition 5.4], we have
F (I(X)) =
⊕
T∈Irr(C)
T ⊗X ⊗ T ∗ = 2 · 1⊕ 4X ⊕ 3Y.
Since I and F are adjoint, we have
dimHom(I(1), I(X)) = dimHom(F (I(1)), X) = 2,
dimHom(I(X), I(X)) = dimHom(F (I(X)), X) = 4,
dimHom(A2, I(X)) = dimHom(F (B), X) = 1,
dimHom(A3, I(X)) = dimHom(F (C), X) = 1.
So we may write
I(X) = A2 ⊕A3 ⊕D1 ⊕D2,
where D1, D2 are non-isomorphic simple objects of Z(C). Hence we have
F (I(X)) = F (A2)⊕ F (A3)⊕ F (D1)⊕ F (D2)
= 2 · 1⊕ 4X ⊕ 3Y.
(4.3)
This implies that F (D1) = F (D2) = X . Hence FPdim(D1) = FPdim(D1) = 1.
By [19, Theorem 2.5], we have
0 = Tr(θI(X)) =
3∑
i=2
FPdim(Ai)θAi +
2∑
i=1
FPdim(Di)θDi .
This implies that θD1 + θD2 = −10, which is a contradiction since θD1 and θD2 are roots of
unity. This proves the proposition.
Theorem 4.3 Let C be a spherical self-dual fusion category of rank 4 with non-trivial universal
grading. Then K(C) ∼= Fib⊗ Z[Z2].
Proof By Theorem 3.3, K(C) ∼= Fib⊗Z[Z2] or K12, while Proposition 4.2 shows that K(C) ≇
K12, hence K(C) ∼= Fib⊗ Z[Z2].
Corollary 4.4 Let C be a spherical self-dual braided fusion category of rank 4 with non-trivial
universal grading. Then C ∼= Fib⊠VecωZ2 as fusion categories.
Proof Since C is braided, Theorem 3.3 and Corollary 3.4 show that K(C) ∼= Fib ⊗ Z(Z2).
Keep the notations as in Theorem 3.3. Let D be the fusion subcategory of C generated by X .
Then D is of rank 2 and not pointed, hence D ∼= Fib is a modular category [17, Corollary 2.3].
By Mu¨ger’s Theorem [15, Theorem 4.2], C is equivalent to Fib⊠Fib′, where Fib′ is the Mu¨ger
centralizer of Fib. Obviously, Fib′ is pointed and hence Fib′ ∼= VecωZ2 for some ω ∈ H3(Z2, k∗).
This proves the corollary.
Acknowledgements The authors appreciate the two referees for their suggestions and com-
ments. The first author is happy to thank Henry Tucker for useful discussion.
Graded self-dual fusion categories of rank 4 13
References
[1] B. Bakalov, A. Kirillov, Jr., Lectures on Tensor Categories and Modular Functors, University Lecture
Series, vol. 21, Amer. Math. Soc., 2001.
[2] P. Bruillard, Rank 4 premodular categories, New York J. Math. 22 (2016) 775–800.
[3] P. Bruillard, C. Galindo, S.-H. Ng, J. Y. Plavnik, E. C. Rowell, Z. Wang, On the classification of weakly
integral modular categories, J. Pure Appl. Algebra 220 (6) (2016) 2364 – 2388.
[4] P. Deligne, Cate´gories Tannakiennes, in: The Grothendieck Festschrift, Springer, 1990, pp. 111–195.
[5] C. Dong, Q. Wang, Quantum dimensions and fusion rules for parafermion vertex operator algebras, Proc.
Amer. Math. Soc. 144 (2016) 1483–1492.
[6] J. Dong, L. Dai, Existence of Tannakian subcategories and its applications, Commun. Algebra 44 (4) (2016)
1767–1782.
[7] J. Dong, L. Li, L. Dai, Integral almost square-free modular categories, J. Algebra Appl. 16 (5) (2017)
1750104.
[8] V. Drinfeld, S. Gelaki, D. Nikshych, V. Ostrik, On braided fusion categories I, Selecta Math., New Ser.
16 (1) (2010) 1–119.
[9] P. Etingof, D. Nikshych, V. Ostrik, On fusion categories, Ann. Math. 162 (2) (2005) 581–642.
[10] P. Etingof, D. Nikshych, V. Ostrik, Weakly group-theoretical and solvable fusion categories, Adv. Math.
226 (1) (2011) 176–205.
[11] S. Gelaki, D. Nikshych, Nilpotent fusion categories, Adv. Math. 217 (3) (2008) 1053–1071.
[12] C. Kassel, Quantum groups, GTM 155 (1995).
[13] H. K. Larson, Pseudo-unitary non-self-dual fusion categories of rank 4, J. Algebra 415 (2014) 184 – 213.
[14] M. Mu¨ger, Galois theory for braided tensor categories and the modular closure, Adv. Math. 150 (2) (2000)
151–201.
[15] M. Mu¨ger, On the structure of modular categories, Proc. London Math. Soc. 87 (02) (2003) 291–308.
[16] D. Naidu, D. Nikshych, S. Witherspoon, Fusion subcategories of representation categories of twisted quan-
tum doubles of finite groups, Internat. Math. Res. Notices 2009 (22) (2009) 4183–4219.
[17] V. Ostrik, Fusion categories of rank 2, Math. Res. Lett. 10 (2) (2003) 177–183.
[18] V. Ostrik, Module categories over the Drinfeld double of a finite group, Internat. Math. Res. Notices
2003 (27) (2003) 1507–1520.
[19] V. Ostrik, Pivotal fusion categories of rank 3, arXiv:1309.4822.
[20] E. Rowell, R. Stong, Z. Wang, On classification of modular tensor categories, Commun. Math. Phys. 292 (2)
(2009) 343–389.
[21] V. Turaer, Quantum Invariants of Knots and 3-Manifolds, de Gruyter Stud. Math., vol. 18, de Gruyter,
Berlin, 1994.
[22] C. Vafa, Toward classification of conformal theories, Phys. Lett. B 206 (3) (1988) 421 – 426.
